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Abstract

The problem of the chemically equilibrium three-dimensional boundary layer on a blunt body which is in motion in the atmosphere
is considered. A solution of the system of equations of the boundary layer is found by the method of successive approximations,
and simple analytic expressions are written in the first approximation for the surface friction and heat flux coefficients. Formulae
are obtained in the final form for estimating the convective heat flux in the neighbourhood of the critical point of spherical blunting.
© 2007 Elsevier Ltd. All rights reserved.

As is well known, from the Navier–Stokes equations one can obtain, within the framework of an asymp-
totic analysis, all possible continual models for the stationary problems of supersonic flow around blunt bodies
over the whole range of Reynolds numbers from low (free-molecular and transition flow regimes) to high (flow
regimes with a thin head shock wave, a boundary layer and external inviscid flow in a shock layer).1,2 In this
paper we investigate the second of these regimes, for which, on the descending part of the trajectory of the body
at altitudes of less than 60–80 km at high Reynolds numbers, the possibility arises of considerably simplifying
the system of Navier–Stokes equations and of using the boundary-layer equations. Methods of calculating the
three-dimensional laminar boundary layer3 are used. One can obtain a solution of the system of equations of the
three-dimensional boundary layer using the method of successive approximations in the case of equilibrium physical-
chemical transitions and employ it to estimate the heat fluxes to the surface of bodies on the descending part of the
trajectory.

1. The physical-mathematical model

We will write the system of equations of the three-dimensional boundary layer for a chemically equilibrium mul-
ticomponent gas ignoring radiation and thermal diffusion, introducing a curvilinear system of coordinates connected
with the surface of the body around which the flow occurs: � and � are the coordinates on the surface, and the coordinate
� is measured along the normal. The system of equations describing the flow of a multicomponent reactive mixture of
perfect gases, includes the equations of continuity, momentum and energy of the mixture, the mass-balance equations
of the components and the equation of state.
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The equation of continuity for a gas mixture as a whole has the form3

(1.1)

where � is the density of the mixture, u, � and υ are the components of the velocity vector along the �, � and �
axes respectively, and g11 and g22 are the components of the metric tensor in the basis of the curvilinear system of
coordinates �, �, �.

The momentum equations in projections on the axes of coordinates in the boundary-layer approximation can be
written in the form

(1.2)

(1.3)

(1.4)

Here L̂is the differential operator of the total (substantional) derivative along the �, �, � axes

L̂ = u√
g11

∂

∂ξ
+ ω√

g22

∂

∂η
+ v

∂

∂ξ

and � is the coefficient of molecular viscosity of the mixture. The coefficients Ak and Bk are determined by the geometry
of the body and the external flow; their form is known.3

The equation of conservation of energy can be represented as follows:

(1.5)

Here H is the total enthalpy, ci and h0
i are the mass concentration and specific heat of formation of the i-th component,

Ji is the projection of the diffusion flow of the i-th component onto the � axis, and Pr is the Prandtl number. The
coefficient of viscosity � and the thermal conductivity � of the gas mixture are functions not only of the temperature
but also of the mass concentrations of the components: � = �(ci,T) and � = �(ci,T).

The equations of continuity of the components of the gas mixture in the general case of chemically nonequilibrium
flows can be written in the boundary-layer approximation as

ρL̂ci + ∂Ji

∂ζ
= ẇi, i = 1, . . . , N

where ẇi is the mass rate of formation of the i-th component due to chemical reactions.
The assumption of chemical equilibrium considerably simplifies the description of the flows. In this case the N-L

equations of continuity are replaced by algebraic relations, which express the conditions of chemical equilibrium

(1.6)

where Kpi are the constants of equilibrium of the independent chemical reactions, ν′
j, ν′′

j are the stoichiometric coeffi-
cients of the reactants and the products of the chemical reactions, p is the pressure, m is the molar mass of the mixture,
calculated in terms of the molar masses of the components, and L is the number of independent components (chemical
elements). Using relations (1.6), the concentrations of the components of the mixture are determined in terms of its
temperature, pressure and the concentration of the chemical elements. In the case of the equilibrium flow of a gas mix-
ture of components with different diffusion coefficients, and also when there are thermal diffusion and barodiffusion
effects, the concentrations of the elements are found, as before, from the corresponding equations of continuity.4

Further simplification of the mathematical description of chemically equilibrium flows is possible by using a binary
model of the diffusion. In this approximation, which is used in the present paper, when there are no sources of the
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masses, the concentration of the chemical elements will be constant quantities, and diffusion flows of the elements will
be equal to zero. In this case the chemical composition and the transfer coefficients of the equilibrium gas mixture are
functions of two parameters, for example, the pressure and the temperature. In many cases this approximation gives
completely acceptable results.

System of equations (1.1)–(1.6) is supplemented by the equation of state for a gas mixture

(1.7)

The boundary conditions are

ζ = 0 : H = Hw, uw = ωw = vw = 0; ζ → ∞ : H = He, u = ue, ω = ωe, ci = cie

In the approximation considered, the system of equations for the flows of a gas with equilibrium physical-chemical
transitions differs from the analogous system for a non-reactive gas solely by the use of more complex relations for
the internal energy, enthalpy and the transfer coefficients of the gas mixture, which will be not only functions of the
temperature but of the pressure also.

2. Solution of the boundary-layer equations in the first approximation

To solve system of equations (1.1)–(1.7) we will introduce the new variable

ζ1 =
√

ue

μeρeξ

ζ∫
0

ρdζ

We will change from the required functions u, �, υ and H to new variables E, G, K, and 	 by the formulae

u = ue(ξ, η)E, ω = ηue(ξ, η)[G + ϕE]

ν =
√

ueρeue

ξ

[
K − ξ√

g11
E

∂ζ1

∂ξ
− ξη√

g22
(G + ϕE)

∂ζ1

∂η

]
, H = He + (He − Hw)θ; ϕ = ωe

ηue

As a result of these changes, we obtain equations for the normalized functions E, G, K and 	. Integration of this
system of equations twice with respect to �1 (first from �1 to ∞ and then from 0 to �) gives a non-linear system of
integro-differential equations, which can be solved by the method of successive approximations.

We will assume that we know the n-th approximation of the required functions E(n), G(n) and 	(n). Substituting this
approximation into the right-hand side of the integro-differential equations, we obtain the (n + 1)-th approximation. In
order that the (n + 1)-th approximation should satisfy the boundary conditions, we introduce the control functions 
(n),
b(n) and d(n).

The system of equations for finding the (n + 1)-th approximation can be written in the form

(2.1)

The equations for the unknown control functions 
(n), b(n) and d(n) are obtained from the system of equations (2.1)
when �1 → ∞:

(2.2)

The form of the coefficients A
(n)
ak , B

(n)
ak , . . . is determined by the geometry of the body, the parameters of the external

flow and the preceding approximation.3 To calculate these coefficients it is also necessary to know the distribution of
the parameters �e/�, 1/l, (l = ��/(�e�e)) across the boundary layer.
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We will specify approximately the distribution of these parameters in terms of their values on the wall and on the
outer boundary of the boundary layer in the form

(2.3)

The functions zm(�1) belong to the class of functions in which the coefficients Am are chosen so that zm(0) = 1 and
z−1(ζ1) = exp(−ζ2

1):

zm(ζ1) = Am

m!

ζ1∫
∞

(ζ1 − ξ)m exp(−ξ2)dξ

An analysis of two-dimensional equilibrium boundary layers5 enables us to determine the approximate values of the
parameters in expressions (2.3): �1 = 1.2 and �2 = 1.4.

The first approximation of the solution of the problem is obtained if we take the following expressions as the zeroth
approximation

E(0) = 1 − z0(ζ1), G(0)=b(0)[z0(ζ1) − z1(ζ1)], θ(0) = 1 − z0(ζ1) + d(0) = 1 − z0(ζ1) + d(0)[z0(ζ1) − z−1(ζ1)]

After 
(n), b(n) and d(0) have been obtained from the algebraic system of equations (2.2), we can determine the
functions E(1), G(1) and 	(1) from Eqs. (2.1), and then also quantities proportional to the surface friction coefficients
and the value of the heat flux

−lw
∂E

∂ζ1

∣∣∣∣
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ρw

)
− 0.798

]
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}
− lw

Prw

∂θ

∂ζ1
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ζ1=0

=
√

δ(0)[−P∗
1 (0.234 + 0.209d(0)) + b(0)P∗

2 (0.113 + 0.0709d(0)]

The coefficients N∗
1 , N∗

2 , N∗
3 , M∗

1 , M∗
2 , M∗

3 , P∗
1 and P∗

2 depend on the parameters of the external flow and on the
geometry of the body. The form of these coefficients were given previously in the general case in Ref. 3.

When considering hypersonic flow around a body with spherical blunting, with a high degree of accuracy we can
put b(0) ≈ 0.3 If the components of the local friction coefficient is defined as follows:

cf1 = μw

ρeu2
e

(
∂u

∂ζ

)
ζ=0

, cf2 = μw

ρeu2
e

(
∂ω

∂ζ

)
ζ=0

then, in this case,

(2.4)

where Re = ue�e�/�e is the local Reynolds number and � is the angle which the streamlines of the external flow make
with the coordinate line � = const, where tg� = �e/ue. Equilibrium physical-chemical transitions mainly affect the
quantities �e and �e�e, which are calculated from the formulae for an equilibrium gas, and the quantities 
(0) and d(0),
which also depend on these properties of the gas.

The heat flux to the body surface for a multicomponent gas mixture is given by the expression

(2.5)
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(the last term in this chain of equalities is the result of changing from the temperature T to the total enthalpy H).
Introducing the Lewis number Lei, which represents the ratio of the molecular heat transfer to diffusion transfer, we
have for the heat flux

(2.6)

(Di is the effective diffusion coefficient).
Changing to normalized functions we obtain

qw = −
√

μeρeue

ξ

lw

Pr

[(
∂θ

∂ζ1

)
ζ1=0

+ R∗
]

(He − Hw) R∗ =
N∑

i=1

hiw(cie − ciw)

He − Hw

(Lei − 1)
∂χi

∂ζ1

∣∣∣∣
ζ1=0

,

χi = ci − ciw

cie − ciw

The quantity R* depends on the process of diffusion of the components in the boundary layer, which can be neglected
if the Lewis number is equal to unity, or if the concentrations on the outer boundary of the layer and on the surface are
equal.

Below we will confine ourselves to the case when the rates of heat transfer due to diffusion and thermal conduction
are equal (when the Lewis number is equal to unity). Then, we obtain for the heat flux

(2.7)

The dimensionless heat flux in the case of hypersonic flow around the body can be written in the form

(2.8)

The quantities 
(0) and d(0) are calculated from the formulae

(2.9)

Hence, knowing the distribution of the parameters of the gas mixture on the outer boundary of the boundary layer,
we can determine the friction and heat flux on the surface of the body from the formulae obtained.

The algorithm for calculating the hypersonic flow of a chemically equilibrium gas flow round a blunt body is as
follows. When calculating the external flow we use data for the pressure and velocity in a uniform perfect gas, obtained
from the solution of Euler’s equations. The density, temperature and composition of the mixture on the outer boundary
of the boundary layer are found from the solution of the following system: the equation of conservation of total enthalpy
He −

∑
i

hiecie − U2
e /2 = 0, the equations of chemical equilibrium (1.6), the equation of state of the gas mixture (1.7)

and the equations of conservation of particles. Hence, we determined the composition of the mixture cie, the density,
the temperature and the outer boundary of the boundary layer, and from formulae (2.4) and (2.7)–(2.9) we obtain the
friction and heat exchange parameters on the body surface

It should be noted that the above formulae have singularities at the stagnation point of the flow when � → 0. In this
connection it is necessary to consider separately the problem of determining the parameters of the friction and of the
convective heat flux in the neighbourhood of the critical point.

3. Estimate of the heat flux in the neighbourhood of the critical point

Consider the flow in the neighbourhood of the critical point of a sphere. The system of coordinates is chosen with
origin at the stagnation point of the flow (� = � = � = 0). We know that the velocity distribution in the outer flow in the
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region of the critical point will be linear (ue ∼ �, �e ∼ �). Taking this into account we can analyse the parameters which
define the heat flux at a short distance from the stagnation point, determine the limiting values of the derivatives of
the velocities with respect to the coordinates, and we can then extrapolate the results into the region of the stagnation
point.

By formula (2.8), the heat flux at the critical point can be written in the form

(3.1)

Taking into account the singularities of the velocity distribution in the region of the critical point, when �, � → 0
we can estimate the quantities N∗

1 , P∗
1 , δ(0), d(0) which define the heat-transfer parameter (lw/Pr)(∂θ/∂ζ1)ζ1=0. It was

established by calculations that in the case of hypersonic flow with a Prandtl number Pr = 0.6–0.7 the value of this
parameter at the critical point of a sphere is equal to unity to within 10%.

Hence, the formula for the heat flux at the stagnation point of the flow has the form

(3.2)

We will compare the formula obtained with the well-known correlation formula5 for the heat flux at the critical
point in the case of an equilibrium boundary layer. In the special case considered here (a Lewis number equal to unity
and a Prandtl number Pr = 0.65) this formula will have the form

(3.3)

We will assume, with a sufficient degree of accuracy, that (ρwμw)0.1/(ρeμe)0.1 ≈ 1, and hence we note the good
agreement between formulae (3.2) and (3.3).

We will convert formula (3.2) for the heat flux to a form which is more convenient for calculations.
The quantity (∂ue/∂�)k can be estimated from a consideration of the friction in the neighbourhood of the critical

point6 and can be written as follows:

(3.4)

where R is the radius of blunting of the body and p∞ is the free-stream pressure.
It was shown in Ref. 6 that for approximate modelling of flow with a complex equation of state one can use the

model of a perfect gas with constant adiabatic index �*. In the case of equilibrium flow the effective adiabatic index
�* is found from the condition �e/�∞ = (�* + 1)(�* − 1) and determines the compression at a direct shock wave. Note
also that at the critical point pe ≈ ρ∞V 2∞ 	 p∞. With these assumptions relation (3.4) can be written in the form

(3.5)

For practical purposes one can usually use approximate formulae for the temperature dependence of the coefficient
of viscosity (for example, a power relation). As calculations show, when considering equilibrium dissociating gaseous
mixtures one can use the following approximation to estimate the value of the viscosity (for air n = 0.3):

(3.6)

In this connection, assuming that, at the critical point he ≈ V 2∞/2, we obtain

(3.7)

Here R* is the specific gas constant and � is the free-stream adiabatic index.
At hypersonic velocities

(3.8)

As a result of all the transformations, relation (3.2) takes the form

(3.9)
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Table 1

H, km V, km/s Formula qk, W/cm2

(3.11) [8] [9] [10]

20 3 130 140 140 150
30 4 150 150 160 160
40 5 150 140 150 150
50 6 130 120 140 140
60 6 75 70 80 80

The quantity C1 varies from 0.47 to 0.64 for a change in the effective adiabatic index �* from 1.1 to 1.4. Taking the
properties of a real gas into account,7 we can assume with a sufficient degree of accuracy that �* = 1.2.

Taking n = 0.3 in formula (3.6), we have for the heat flux at the critical point

(3.10)

All the dimensional quantities in formula (3.10) are expressed in the SI system (R is in metres, �∞ is in kg/m3, V∞ is
in metres per second, �∞ in N s/m2, T∞ is in degrees K, and R* is in J/(kg degree)).

In the case of the Earth’s atmosphere, expressing R in metres, �∞ in kg/m3 and V∞ in metres per second, we obtain

(3.11)

For the atmosphere of Mars the factor 3.3 is changed to 3.5 in the analogous formula.
The results of a calculation using formula (3.11) for the Earth’s atmosphere and the analogous formula for the

atmosphere of Mars were compared with the calculations of other researchers.8–10

In Table 1 we show the values of the heat flux at the critical point of a sphere of radius R = 1 m for different values
of the altitudes H and flight velocities V in the Earth’s atmosphere in the case of a “cold” surface (tw = 0). The
disagreement between the corresponding data in the table does not exceed 15%.

For the MARS EXPRESS probe (the frontal surface of the probe is a spherically blunted cone with an aperture
angle of 2/3 and a blunting radius R = 0.38 m) the values of the heat flux qk at the critical point as a function of the
Reynolds number, constructed from the free-stream parameters in the atmosphere of Mars, are presented in Fig. 1,
according to the results obtained (curve 1) and the data calculated from the Sutton and Graves formula8 (curve 2).

In Fig. 2 we show curves of the relative heat flux q/qk against the coordinate s, measured from the critical point
along the surface of the MARS EXPRESS probe at a flight altitude H = 43 km in the atmosphere of Mars. The results

Fig. 1.
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Fig. 2.

of the calculation using the method of successive approximations (curve 1) are compared with the corresponding
data obtained using numerical methods to solve the Navier–Stokes equations11,12 (curves 2 and 3 respectively). The
distributions of q/qk, obtained by the different methods, agree satisfactorily with one another.

This research was supported financially by the International Association for promoting Cooperation with Scientist
from the New Independent States of the Former Soviet Union (INTAS-03-51-5204).
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